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Hyperbolic Function

def: hyperbolic cosine (cosh):

1
coshx = '2—{ e* + &™)

hyperbolic sine (sinh):

1
sinhx = — ( e* - e*)
2
x? x4 x®
coshx = 1 + — + + + oo
2! 4! 6!
x? x° x’
sinh= x + + + —— ¥ aus
3! 51 71

Foreachrealt cos? t + sint=1 thusthepoint(cost, sint)

lies on the unitcircle : x? +y? =1.
Hence sin and cos are called "circular functions

Similarly for real t cohs® t - sinh® t = 1 thusthe point

(cosht, sinht)liesonthe hyperbola: x? -y? =1.
Hence sinh ( cinch)and cosh (kosh) are called "hyperbolic functions”



Other hyperbolic functions:

Analogous to circular functions | :

sinh x ( e* + ™)
tanhx = =
cosh x ( ex - aXx)
1
sechx =
cosh x
1
cosechx =
sinh x
i
cothx =
t x
Graphs of cosh x and sinh x
; | 1
cnah::;{ e* + ™) - sinh:::;{
1 2
sechx = =
cosh x (ex + eXx)
p 1
cosh0 = — ( e’ + %)== (141)=1
2 2
1 2
cosechx = =
sinh x ( ex - a-x)
b a -8 1
liﬂhﬂ:—{ e -.}:—{1-1}:
2 2
1 e* + e*
cothx = =

tanh x e*r - a=x

- E"t}



Inverse Hyperbolic Functions:
(Analogous to sin™* x and cos™ x)
Logarithmic Forms :

y = sinh™ x means x = sinh y

1
or :=E{ e’ - e7)

or 2x = e - a7
multiply by e¥ and rearrange to e*Y - 2xe¥ -1=0

Set e =u, so e’Y = u?, toget

u* -2xu-1=0 (quadraticinu)

Boots :
2x+-Vadx? s+ 4
u=e’ =
2
=x+-Vx2 +1 - sign is rejected since e’ » 0

s e =x+Vx2+1

Taking 1n and noting lne=1
Y =ainh'11|:=1n{x+'ﬁd'xi+1] for all x.
Similarly

cﬂﬂhdx:ln[xar"u"xi—l] xz1l

e -e¥ e'v-1
x=tanhy-= = =
ey + &Y el¥ 4+ 1

hence x (e’¥Y +1) =e?¥-1,

l+x
=) e’Y =

l-x
Since e*¥>0 so -1<x<1 or |x| <1. Taking 1n we get

l+x
24y lne=1n

l-x

l+x

" |
or :.r=t.nnh'lx=-51n S x| <1

l-x



Hyperbolic Identities :

d
From coshx = = (e* + ™)
1
and sinhx = ? (e* - &™)

weget coshx +s8sinhx=e"
and coshx -sinhx =e™

Multiply last two equations to get

cosh?’x-sginh’x=1

(cosZx+sin‘x=1)

From this we can get others
sech? x = 1 - tanh? x

(sec?x=1+tan x)

cosech ® x = coth? x -1
(cosec?x =1+cot? x)

Now from definition:;
1
cosh (x+Yy) = = (e**Y + @™ %*7))

= -z- [e* e +e ™ e™]

= —2— [ (coshx + sinhx) (coshy +s8inhy)
+ (coshx - gsinhx) (coshy - sinhy) ]

or cosh (x+y) =coshx coshy + sinhx sinhy

(COS (X+Y¥) =COSX COSY - sinX siny)

Setting y = x gives

cosh 2 x = cosh? x + sinh? x

(cos2x=cosx-sin®x)



From this it is easy to show :

cosh2x = 2cosh’x-1 =1 + 2s8inh® x

2

dx-1=1-2sin*x

(cos 2x = 2cCos

sinh (x+¥y) = sinhx coshy + coshx sinhy

(Sin (X +y) = SINX COSy + COSX siny)
Similarly
sinh2x=2s8inhx coshx
(sin2Xx =251NX COS X
2
Aﬂd tanh 2x = SN
1 + tanh® x
tan 2 x 4. etc
1-tan‘ x
Becall Fuler’ s Relation
e = cos® + jsine
e = cose - jsine
By adding and subtracting
p |
cos @ = = (e 4+ e79)
4
8in @ = — (e - %)
213
1
Now cm:-?{-'+-"} for x = 3@ one gets
1
Ealhjﬂ':; (e +e3®) = cos @
or cosh J0= COBO .cc cce o« (1)

Similarly sinhx = .; (e* - e™)

gives sinh j@ = (e® -e%) = § sine

|

Hence ginh J0=I8in® css s o (31)



or

Put #=jx in (i) to get

cos jx = cosh §° x
= cosh (-x)
= coshx

COB IZ=COBhAX ..c 25 &

Put &= jx in (ii) fto get

j sin jx = sinh §° x
= sinh (-x)
= =-ginhx

Hence j sin jx = §? sinh x

or

gin jx=jsinhx ... ...

Important Results:

sin jx = j sinh x

sinh jx = jsinx

cos jx = coshx

cosh jx = cos x

tan jx = j tanh x

tanh jx = j tanx

. 5
Example: solve sinz --—

Let z=x+ jy, then

cws wan v LAW)

NB. z cannot be real

sin (x + jy) = sinxcos jy + cos x sin jy

Hence sinz = sin (x+ jy)

sinxcoshy + jcosxsinhy

= sinxcoshy + jcosxsinhy

S

4



5
Thus sinx coshy = e w (1)

cosx Binhy=20. ... cac saa aaaa(il)
From (ii) either

Eil'l.hY:ﬂ ie Y:D, or

cogx=0, X=d4=-—, +=- b
2 2

5
(a) lfy=0 then coshy =1 and from (i) sinx = o
Do you believe that?

(b) fcoax=0, then sinx = +1 or -1 (why?)
9
(i) sinx =+1, thenfrom (i) coshy = i (Impossible)

S5m x 3Imxm Tnx
(ii) sinx
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Also now from (i)

. 5
coshy = —
4

1 5
or — (¥ +a¥) = —,

2 4
or 2ef 4 2@ -5=0
or 2e’Y_s5e"4+2=0

A quadratic in e¥ with factors

(2e -1) (e -2) =0

1
Taking In: y=1n [E] ofr y=-1ln2
and y=1n2.

n inxn Tn
Hence z = x + v XEe cnyg ==, = S

2 2 2
Y = +-1n2




